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ABSTRACT
3/083

A method is presented for the calculation of the equatorial pitch angle
distribution (unidirectioral intensity distributior) of trapped radiation
from the count rate of an ommidirectional detector along a line of force.
An expression is derived for the calculation of the mirror point density
from the equatorial pitch angle distribution. The metbod is aprlied to data
obtained from the Space Technology Laboratcries scintillation counter and
the University of Chicago propo?tional counter on the Explorer VI satellive.
The results from the scintillation counter show a relative absence of*
electrons with pitch angles of 90° during quiet periods, a sharp increase
in such particles shortly after & sudden commencement magnetic rtorm, and
restoration of the pre-storm distribution at & higher intensity level afte;
the storm. The results irom the proportional counter are qualitatively

similar with the exception of the apparent deficiency of 90° pitch angles

during quist periods, which does not appear. 1¥;kjh;(}Ltrn]



INTRODUCTION

The determina'ion of the spatial distribution of the electrons trapped
in the geomagnetic fleld requires a great many esamplings of the particle
intensity at different locations throughout the field. The Explorer VI
satellite, with a period of 12 hours and 42 minutes, crossed the line of
force at an equatorial geoceﬁtric radius of 21,000 km either two or four
times per period. Sufficient data was obtained from these crossings during
& three week period to permit deteiled analysis of the spatial distribution
along this iine in terms of the individual pariicle orbits. The observations
covered a range of geomagnetic latitudes from 0° to SOO.

This satellite was launched on August 7, 1959 into an elliptical orbit
with apogee at h8,660 km from earth center. A scintillation ébunter, one
of three radiation experiments on board, was supplied by Space Techunology
Laboratories, Inc. Rosen and Farley (1961) have given a detailed description
of this instrument and the data obtained from it. All count rates of this

instrument used in this paper have been corrected for saturation effects as

described by Rosen and Farley. The efficiency of the instrument for detection

of electrons is given in Figure 1.

A proportional. counter was supplied by the Unilversity of Chicagec for
this satellite and detailed results from that instrument have been g
by Fan, et al. (196L). Some of the count rate data published by Fan, al.
. have been used here for the calcﬁlation of pitch angle distributions.

The problem of calculating unidirectional intensities at a point from
knowledge of the omnidirectional intensity at every point along a line of
force has -been solved by Ray (19605. The form of the solution pregented vy

him differs from that presented in this paper. Approximate solutions to

~
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this same problem have been obtained by Fan, et al. (1961) and by Wentworth
(1962), both of whom apply their solutions to the data obtained from th=
proportional counter on Explorer VI.

Exact expressions for the equatorisl unidirectional intensity (pitch
angle distribution) and the mirror point density are presented in this paper
in a si-ple form. These theoretical results are thea sppired to the
omidirectional inteusities measured by the scinttllation counter and
propertional counter on the Explorer VI satellite. The unidirectional
intensities calculated from the exact expressions derived herein are irn
excellent agreement with those cslculated from the same data by the approxi-
mation technique of Wentworth. Comparison is made between the pitch angle
distributions calculated from the data and that calculsted from the omni-
directional int-neities given by Hess and Killeen (1961) for ueutron-decay

electrons.

THEORETICAL "~ 7SCUSSION

The equilibrium distribution of trapped particles obeying the-adiabatic
invariance corditions along any line of force may be described in at least
three different ways: by the omnidirectional particle intensity at all points
along the line, by the unidirectional intensity at all pitch angles at the
geomagnetic equator, and by the density of particles having mirror points at
each polnt along the line. In a glven magnetic field these three descriptions are
equivalent, contain exactly the same information, and are convertible one to
another. The cquatorial pitch angle distribution is derived here from the
omidirectional intensity along the line of force for an arbitrary magnetic

field. The mirror point density is derived here from the equatorial pitch

-3-



angle distribution by assuming that the field i1s a magnetic dipole.
Definitions

The pitch angle ¢ 1s the angle between the particle velocity vector
and the magnetic field vector at the point where the magnetic fileld
magnitude is B, It is equal to 90(" at the particle mirror point and has
a minimum value when the particle crosses the equator.

The unidirectional intensity J (B, cos @) 18 the number of particles
per cm2 per sec ster having velocity vectors between o and o + dd.

The omnidirectional intensity J(B) 1s the integral of § (B, cos a) over

the so0lid angle. Bo’ J o etc., refer to the values of the varisbles at the
geomagnetic equator. B refers to the value of the magnetic field at the

particle mirror point.
'jo (cos ao), the unidirectional intensity in the equatorial plene, is
called the pitch sngle distribution.

The mirror point density w()\) is the number of particles per unit
volume having mirror points between the geomagnetic latitudes A and A + dA.
T(A) 1s twice the time required for a particle to travel from its
northern mirror point at A to its southern mirror point at -A, i.e., one

ccuplete period.
Pitch Angle Distribulion

From the definition,

n/2
J(B) = lLx f J(B, cos a) sin ada (1)
“pin

,jo(cos ao) can be cbtained from the solution of this integral equation as

follows. Consider a group of particles which have equatorial pitch angles



belween O/,O and ao i dao, and which mirror be;;Ween A and A + dA. Neglecting
thelr slow longltudinal drift, the gulding centers of these particles move

on a bundle of flux lines which constitute & flux tube extending from A to

-A\. In equilibrium, the same number of guiding centers per unit time must

cross one tube section in cne direction as &ross any other tube section in

the same direction. Thus:

! = 9
2xj (B, cos @) sin @ do cos o dA 2nd | (cos ao) sin @ do cos o dA

Using che mirror relation for adiabatically trapped particles,

sin2 o sin? o
o
= )
B B
o
. \ N Q = 3
J (B, cos &) Bd 3 (cos ao) B dA_
énd therefore

J (B, cos a) = 3, (cos ao)

- This equality states that the unidirectional intensity at some oy at the
geomagnetic equator i1s equal to the unidirectional intensity at o at any
point along the iine of force if o 1s related to ab by the mirror equation.

Equation (1) can ne rewritten as

n/2
T J(B) = bx f Js (cos ozo) sin cdo (2)
Oin ]
Usiﬁé the mirror eQuation.sin? o =’§— , the variable of integration may be

: m
changed to Bm:



B
max ,,
J(B) _ 4[ Jo (Bm) dBm (3)
anb (8.)¥2 (8- B)/? Y
m m

B
where Jé (Bm) is the function which is obteined by cha.ging the varisile

in Jo from cos G, toB . Bmar is she value of the field at which the

4

particle having pitch angle amip mirrorg. Motice that those particles

haviag mirror points at Bm < B (il.e., higher altitudes) do not contribute

to J(B).

Making the substituticns

By = Bpey Y
B = B -t
max
' 1 .
Jo By) g By, v )
32 g L -
(Bm) ('max C Y
JLBZ - J (Bmax - t) _ .(1)
278 2x(B___ - ) Vi
ma.x
equation (3) becomes
t
‘f o
¥(t) = f Jﬁ.ﬁa-m (k)
4 -yt

with y(0) = O since J(B_ ) = 0.
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This 18 Abel's Integral Equation &nd its solution is (e.g., Courant, 1956).

rlt) =

N

-y

t
= f %ﬂ%’m (5)

Integrating by parts, differentlating under the integral sign, and replacing

the original variables:

Bv
()32 e & (5%2) B (g
1/

J(cosax) =3 (B) = -
o o} o 'm n B (B -B)
m m
Equation (6) %s the general solution for Jq (cos ao) when J(B) is known.
The differentiation and integration may be performed by computer. The
change of variable from Bm to cos ao is accomplished through the mirror

2 Bo
relation sin ao = -,

B
m

Mirror Point Deneity

Those perticles which have equatorial pitch angles between ao and
a, + dao have mirror points between A and A + dA. In equilibrium, the

time rate at which the gulding centers of these particles pa.sé through the
cross section of & flux tube at the equator 1o equel to the time rate at

which they mirror in the volume element dAdl of the fiux tube at a:

. _ o(A) d1dA
lmjo (.8 ao) sin aodao cos o dA = TN

vhere @ and T are the mirror point density and tounce period as previously



gefired. In cylindrical coordinates (d1)° = ar® 4 r2(ar)°, and for a
dipole firld

dl = r coa7)\§- aA
o Bo

vhera r, ig the geocentric radius in the equatoriel pliae. Therefore

) B
o) = fj‘ri., - (;—,-] %—%) 3, (ecs o) (7)
In a dipole field
B (b-3c0s? a)/2 (8)
Bo cos A ’
so that B
,’;ogi - 3“”"[292,?%* %—'i—} (9)

From the definition of the bounce period,

B

m lll‘ A 7
, dal _ [*) B cos AdA : .
T(A) = b f veswa T v f B B \1/2 (10)
(o] 0 (l -Em)

Equation {10) has been mumerically integrated, atd the results are
shown in Fig.2.2. The bounce perind is evidenﬁly inv-rsely proportional
to the particle velocity., The period, often described as approxirately
independent of ‘he mirror latitude, actualiy varies by a factor of

approximately i.7 from the geomagnetic equator to a tatitude of 50°,

-8-
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Bringing together equations (7), (8), and (9), the result is

6xT(A) sin A (8-5 cosa)
ro(h, -3 cose)\)3/2 co8 A

w(N) 35ia) (11)

where ,j(')(?\) 1s the result of & change in variable from cos & to A in

Jg {cos ao).

If the particles are all of the same velocity (e.g., all relativistic),
tnen equation (8) may be used together with values of T frcm Fig. 2 to obtain
the mirror point density from the pitch augle dilgtribution.

Detector Efficiency

The ideal instrument for measuremente of the ocmmidirectionsl intensities
for use in these exprezcsions is one whose Cirectional response is isotropic
and whoee energy response is constant within some energy interval and zero
elsewhere. Such an instrument would produce data “rom which a correct pitch
angle distribution could be calculatced for the paruvicles in that energy
interval.

If the detector response is anisotroplc in such a way that the efficiency
depends on the pitch angle and lacal satellite orientation, the data are not
readily ussble to calculate the pitch angle distribution.

If the instrument is ¢mnidirectional, but has an efficiercy which

depends on energy, the omnidirectiomal count rete R(B} will be given by

R(B) = lx j f ¢(E) gg'(B’E’ €08 &) ip qindE
a “E

If 3'(B,E, cos &) can be written as J(B, cos @) n (E), which indicates

thet the energy spectrum does not change ulorg & line oi force, then.



f e(E) %ﬂ dEJ by f 3(B, ccs a) sin ada = kJ(B)

R(B) = [
E o
and an undistorted pitch angle distributicn will result.

If the energy spectrum does change along & line of force (and therefore
changes with pitch angle at a given point on the line), the unidirectional
intensitles determiped from the chserved count rates will be weighted
{d1storted) according to the efficiency of the detector for particles
from that direction. For cxample, if the efficiency of the detector rises
with <nergy, the unidirectional intensities will sprear too large in the
directions from which the high energy particles come, and too low in the

directions frcm which low energy particles come.

Data and Results

The d;ta from which the pitch angle and mirror point distributions
have been calculsi:d are the couc*t rates of the scintillation experiment
&t the time the satellite crosses one particular geomagnetic field line.
The field line which crosses the geomagnetic equator at 21,000 km from
earth center has been chosen because the satellite crossings of this line
take place cver a wlde range of northern latitudes, and because comparisons
with the published results of Fan, et al., can be made along this same line
of force. This field line is also the approximate pousit.ion of one of the
outer zcne electron peaks observed t; the scintilletion counter and designated
peak 2 by Rosen and Farley (l9<l). The position of the field line in space
has been calculated from an earth-centered dipole approximstion in which.the
north gecmagnetic pole intersects the surface of the earth at 78.5°N latitude

and 291°E longitude.

-10-
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The data points have been grouped into three tline intervals.

Figure 3 shows the data from all avallable crossings of this line of force
during the magnetically quiet pericd from August 8 - August 16, 1959.
Figure 4 shows data points taren Guring the magnetically disturbed period
of August 18 - August 22, whizn followed the severe magnetic storm of
August 16, 1959. Figure 5 inciudes data taken durinrg a quiet period
following the storm. The date polrnts have been divided in this way to
show the major changes which took place during these three weeks.

The assumption has been made that these count rates are proportional
to the omnidirectional particle intensity at the point in space at w.dch
the data was taken. This is equivalent to the assumption that the counter
efficiency ¢ is independent of particle pitch angle for all satellite
orientaticns. Ever though the scintillation counter is averaging over
each spin c(ycle of the vehicle, its efficiency is still anisotropic in
such a way that it 1s more sensitive to particles striking the vehicle
parallel tc the spin axis direction than to variicles striking perpendicular
to the spin axis direction. Near the geomagnetic equator at 21,C00 ki the
vehicle spin axis was approrximately perpendlicular to the magnetic field
line so that the instrument was most sensitive to particles having 900
pitch angles. Therefore the apparent absence of these particles, which is

a result of the decreased count rate near the equator, cannot be explained

by the somewhat anisotropic response of the counter. Except for the apparent

hole near 90O and the loss cone near 0° the pitch angie distribution is nearly

isotropic at the ecuator, and & somewhat anisotropic response is of little

consequence. At high latitudes, where the pitch angles are all near 900,

-11-



considerable error which depends on the zatellite orlentation can be
introduced. Because of the existing uncertaintlies in vehicle orientation
with respect to the line of force, no attempt has been made to omit data
points or to correct for these errors, which certainly contribute to the
data point scatter at the high lstitudes. Crossings of the line of force
at northern latitudes have been plotted with solid circles and tuhose at
routhern latitudes with open circles. The line drawr through these points
represents our best estimate of the omnidirectional particle intensity.
Comparison has been made in each figure with the count rate of the
University of C:icago proportion.l counter rate (Fan, et al., 1961).
S8ince the University of Chicago group used the line of force passing

through their E_, outer zone maximum, their curve in Fig. 3 is for a

3
neighboring line of force at R = 23,000 km, vhile in Figs. 4 and 5 their

carve is for the seame line as the scintillation counter data. In each case

the proportional counter date has been normalized to the scintillation counter

rate at the geomagnetic equator, even though the post-storm intensity lncrease

is considerably greater for the scintillation counter than for the proportional
counter.

We attribute the change in count rate ratic of these two counters along
the line of force to a small change in the average electron energy elong the
line of force. For example, a small increase in the proportion of high energy
electrons (>1 Mév) would cause the observed increase in proportional counter
to s2intillation counter ratio near the geomagnet.: equator because the pro-
portional counter efficiency is proportlional to Eh'7 (Fan et al., 1961) while
the scintillation counter efficiency is rising oﬁly slowly in this energy

range (Fig. 1).

~12-
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The authors believe that the scintillation counter is responding
entirely to electrons of energies sbove 500 kev because of the improbably
large fluxes of electrons below this energy which would be required to
cause a significant fraction of the observed counting rate. Therefore,
the pitch angle distributions calculated from the scintillatlon counter
data are those for electrons above 500 kev, welghted by the slowly rieing
efficlency of the counter. The distributions calculated from the propor-
tional counter data are those for the entire electron energy spectrum,
welghted by Eu'7. If there are changes in the energy spectrum along the
line of force the scintillation counter distributions «ill be only mildly
distorted while those of the proportional counter may suffer from a very
coneiderable distortion according to the argumeni presented in the
theoretical section.

A number of qualitative similarities between the STL and Chicage
deta Lay be pointed out. First, there is a sharp pesking up of the count
rete curves of both counvers at the geomagnetic equatcr during the magnetic
storm recovery phase. Unfortunately, there are few crossings of this line
of force at intermediate latitudes during this period, and the STL count
rate curve has simply been drawn la a shape similer to that of the preceding
perlod at these latitudes. Second, there ie a return to the pre-storm count
rate cirve shape during the third, magnetically quiet, period.

Figures 6, 7, and 8 are presentations of the corresponding equatorial
pitch angle distributions computed by the method described in the théoretical
section. Since the unidirectional intensity has been plotted ageinst the

cosine of the pitch angle, the area under each curve is slmply the count rate



of each instrument at the geomagnetic equator. Recause of the equatorial
normalization ¢f the count rates of the instruments, both the scintillation
and proportional counter curves have the same total areas. The equatorial
peaking of the count rate curve during the storm is apparent here as a
sharp increase in particles having piltch angles near 900. It does not

seem possible to say vwhether these particles have been removed by August 2L,
or whether they have been distributed over smaller pitch angles.

The pitch angle distributions given here ior the proportional counter
differ substantially from those given by Fan, et sl., (1961), primarily
because of & different definition of the pitch angle distribution used by
them.

Figure 9 is a plot of the mirror point distributions which correspond
to the three time periods, calculated from the scintillation counter data.

Experimental Discussion

The equatorial pitch angle distributions calculated from the seintil-
lation counter dats are compared with a theoretical distribution of neutron-
albedo decay electrons in Fig. 10. The theoretical distribution has been
computed from the omnidirectional intensity presented by Hess and Killeen
(1961) for the neutron-decay electrons along the line of force at T, = 20,500 lm.
All three curves in this figure have been arbitrarily normalized at cos a = 0.66.
The neutron-albedo decay theory is so far the only theoretical source
mechanism for the outer zone electrons from which a pitch angle distribution
has been calculated, and it is for that reason that these comparisons have
been made. The authors believe that the Explorer VI results indicate the

prescnce of substantial fluxes of electrons of energies of at least 1 Mev,

“1h
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and that the flux of these particles increased markedly after a geomsgnetic
storm. These facte appear to be incompatible with the evistence of an
unmodified neutrcun-decay electron energy spectrum in this reglon. Indeed,
the only part of thz neutron-decay hypothesis which is compatible with the
observations i1s the possibility that neutron decey is the source mechanism
for electrons which are subsequently modified both in energy and pitch angle
distribution by an unknown time-dependernt mechanism.

The magnetic history of the period for which data has been presented

may be summerized as follows: August 12, 13, and 1L were among the five

quietest days in August. On August 15, a gradual commencement storm was

reported at some stations. At approximately OLOO on August 16, a sudden

cormencement storm began which continued until the end of the 1T7th or

beginning of the 18th. This storm was classed as severe (corresponding to

a K-index of 8 or 9). Huancuyo reported a moderate, gradual commencement
storm which begen at 0635 on Ausust L8 and end=d at 2000 hours the same day.
A moderately severe, suddeir commencement storm began on August 20 at 0412,

There is no general agreement a&s to when this storm ended. (Some stations
escimated that it ended the 20th while othere recorded disturbed conditions
wntil August 24). August 27 and 28 were the two quietest days of the month.
Dur!ng the two magnetically quiet periods, there appears to be a relative
sbsence of particles having pitch angles near 900. This fact is a consequence
of the decreasing count rate near the geomsgnetic equator. Mathematically
speaking, the intensity of particles having pitch angles of 90o is found by
subtracting from the equatorial cocunt rate the conbribufion of all rarticles

mirroring at higher latitudes, and designating the remainder as the count rate

-15-



of particles having 90° pitch angles. If this remainder is small (as 1is
actuslly the case) it will be quite sensitive to any variation or error in

the count rate at the equator. For example, the decrease in count rate at

the equator of less than 15% (Figs. 2.3 and 2.5) causes a drop of approximately
100% in the pitch angle distribution at 90° (Figs. 2.6 and 2.8). Nevertheless,
the asservwion that there is a relative absence of particles with pitch

angles near 900 during quiet periods appears Justified by the deta.

During the magnetic storm main and recovery phases either a sub-
stantial number of new particles are injected, or else acceleration of
particles already present takee place, causing the twentyfold increase
in count rate of the svintillation counter. The injection or acceleration
must be such as to increase sharply the intensity of particles trapped near
the geomagnetic equator. High latitude injection or acceleration of geo-
magnetic storm electrons, therefore, appears inconsistent with the data.

The diseppearance of the electrons with pitch angles near 90O takes
place sometime after the pass 20 crossing of the line of force at 1232 UT
on August 22, 1959 during a period of lessening magnetic disturbance.
August 22 1s also the date on which a great solar radic noise storm
commenced, and the possible connection of this storm with the outer
radiation zone has been discussed by Arnoldy, et al., (1960). How this
golar event might have influenced electrons with pltch angles near 90O deep
within the geomagnetic field is not known. The fact that the resulting
piteh engle distribution resembles the pre-stora distribution may Indicate
that it is the result of the same mechanism which produced the pre-storm

distribution at some earlier date.

~16-
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APPENDIX

A useful analytic solution to Equation (6) can be found if

J(B) can be conveniently expressed as a polyromial in B, {i.e.,

K=n
J(8) = }: AkBk r~ s and n are positive
k=-5
integers.
Then
k= n
dy - >: g k-2
2n & (x l)AkB
k= -8

Substituting into Equation (6) and performing the integration we

find that

3/2 k=n
o) - B2 (e V2 ) o
J

k=2
i=0
—
+ ) (1 -1) AT (12)
i = -8
where
1/2
A e T
i (l-i)Bl-i B 2 - 21 B 1+1 7 ‘
max



and

(B ) B):L/z
- max .

L COS-l (g )
max

For each value of B, J (cos ao) 18 equal to that value of j'(B) for
which

B
_ o\1/2
cos @ = (1 - En)

In using the above derived expressicns, it 1s usually convenient

to express B in unite of Bo’ the value of the magnetic field intensity

in the equatorial plane.
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